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Does Unrestricted Mgller—Plesset Perturbation Theory for Low Spin Converge When the
System Has a Triplet Ground State?
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The unrestricted HartreeFock UHF method is often advocated for “singlet” diradicals. Here, we examine
the behavior of unrestricted MgllePlesset (UMP) for the case where the spin along the “up” direckin,

is zero when the “triplet” is the true ground state. In this case, the UMP result should try to approximate the
triplet energy, but the UMP series ftd = 0 shows no sign of converging to the value obtained ubng

1. The Q and CH molecules are treated as examples.

Introduction in limiting situations and is not rigorous. For a fixed value of

Vari hods of ional chemi llow th ical S “maximal spin” systems may change to “nonmaximal spin”
arious methods of computational chemistry allow theoretical 5\ 5y from the equilibrium geometry as more electrons become

d(.ett'? rmination of the p:ropertlesfof rrg.oleculttre]s. Btlacalu?_e we fdealunpaired. Theoretical predictions of transition states for pho-
Wi '\f/'ery alppro|X|mae wave UTC |ons,| € ca ?uﬁmon Oh % tochemical or thermal reactions, “bond-breaking” reactions, and
specific molecular property involves selection of the metho properties of diradicals all involve evolution between maximal

which is expected to yield the most accurate result. Generally, and nonmaximal spin regions as the molecule walks across the

the more sophisticated the method, the greater the range Ofpoten'[ial energy surface. It is very unsatisfactory to switch

properties it is expected to get correct and _the more limited the between methods appropriate for maximal spin and methods
range of molecules for which the calculation can actually be appropriate for nonmaximal spin in various regions of the

done. The simplest ab initio methods use a single Slater potential surface%!® The use of CASSCEF is less subject to
'cietekrmFlar;'a;t asda Istart!ng point. -l;h? spln-restn(r:]ted Hartree yis arbitrary switching of methods, but it requires a similarly
ock (RHF) model assigns pairs of electrons to the same Space, pjyrary initial choice of active space appropriate to every point

orblltal Iand IS ahgood _:_nbOQel for th; grc;lund State C_)f n;ost of interest on the potential surface and every state of interest.
molecules near the equilibrium geometrylhe spin-restricte Wave functions from UHF are only appropriate for the

open-shell HartreeFock method (ROHP)S a}llows §ingly as maximal spin cas&= n/2 ~ M. If all of the Svalues that can
well as (_joubly occupied space orl_mtals In a simple linear be formed from a given set of spin-restricted orbitals in the
combination of Slater determinants with coefficients completely corresponding ROHF calculation give nearly degenerate ener-
determined by spin couplmg to form an eigenfunctiorsbénd gies, then any average of them will also have the same energy.
S Suph a ROHF calculation will give the Same energy for The UHF energy folM < n/2 corresponds approximately to
gach elgenvalge\/l, odeZ and a set of wave functions related such an average and so, in the quasi-degenerate case, it will be
y step-up an step-down operators. close to the same energy for eg@in the rangeM < S < n/2.

The unrestricted Hartreg~ock model (UHF) allows the use  Thys, UHF energies may seem reasonable even when the wave

of different orbitals for different spin in a single Slater f,nction is not. Other properties derived from these wave

determinants:® A “maximal spin” state of a system may be  fncions may not be reasonable. In particular, the spin density
defined as one where the natural orbital occupations are closejg very different for eacl$, so the weighted average implicit in

to two, one, or zero and the value 8fis /2 wheren is the a UHF wave function will be very different from the value for
number of orbitals with occupation near to one. For “maximal ine state withrs equal toM whenM < n/2.
spin” systems, UHF witls~ M is usually a superior alternative In this study, we examine the results of some standard

to ROHF because it is more convenient to use in gradient 5ximal spin methods such as UHF, unrestricted Mgller
optimizations, MgllerPlesset perturbation expansions (MP), pjegset perturbation theory (UMP), and spin-unrestricted density
etc. Even though the wave function is not an eigenfunction of nctional theory (UDFT) when applied to nonmaximal spin
&, the potential energy surface is often more free from artefacts \;ave functions. This was inspired by the observation that UMP
than the ROHF result. should converge toward the ground state if it converges at all.
“Nonmaximal spin” states of a system are those witig Hence, in diradical molecules € 2) with triplet ground states,
less thann/2. Convenient, completely flexible, and accurate the M = 0 UMP series should be trying to approxim&e= 1
methods for describing electrons in nonmaximal spin systems and notS= 0. In such cases, it is of interest to comparelthe
still do not exist. Methods such as complete active space self-= 1 andM = 0 results. This might also shed some light on the

consistent field (CASSCF) or its restricted open-shell special convergence in the similar diradical case wh8re 0 happens
case provide better approximations to the wave function but to be the ground state.

are often still in error for the enerdy. One of the most o

challenging problems for computational chemistry concerns the Diradical Example

relative energetics of low-spin states compared to high-spin It is well-known that restricted Hartred-ock (RHF) calcula-
states. These problems arise in estimating the energy gapgions for singlet diradicals are often unstable to spin localization
between states of different multiplicify. In addition, the to give a lower energy UHF resulfg? In the simplest case,
classification of maximal or nonmaximal spin is only defined this occurs for a wave function of the form
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Convergence of UMP foM = 0
W C,..a°0— Cy..b°0 (1)

wherea andb are natural orbitals an@y/C, is close to unity.
The more general two-electron/two-orbital CASSCF wave
function of this form (with orthonormal molecular orbitals) can
be written as

YW= A(]..&20+ |..b%0 + B(l..a°0— |..b°D +
C(|..aabB 0~ |...a8bal) (2)

A unitary transformation of the orbitals has one free coefficient.
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determines whether the perturbation correction enhances the
singlet or triplet character of the second term. Expandirig
the same way gives
K=csT,+ (=T,
Ty = [$10,l1¢26,00— (10,16, 0]

T, = (104|000 (6)

In the extreme case that the UHF calculation actually converges

This coefficient can always be chosen to put the wave function to RHF, ¢ will be 1 andK will be T,, which is positive. The

into natural orbital form withC = 0 or into the alternative
special form withB = 0. The value ofA is unchanged by this

perturbation corrected wave function (5) in this case will consist
of only the first term and will be a pure singlet. In the other

unitary transformation and diradicals are characterized by aextreme where the UHF spin-up and spin-down orbitals are

“small” value of A.
WhenA is small, the form withiB = 0 looks like the singlet
spin coupling of an open-shell system with two singly occupied

actually orthogonal, the true ground state of the molecule is
likely to be triplet. In this case; = 0,s =1, andK is —To>.
The wave function (5) in this case will consist only of the second

orbitals. In this case, one would expect to have a triplet state term and will have an enhanced triplet character relative to the

of similar energy using a similar pair of singly occupied orbitals.
For the triplet, the form of the wave function is invariant to a

UHF function. Since there is only one triplet configuration
possible in this two-electron, two-orbital model, if the ground

unitary transformation between these orbitals since there is onlystate is triplet, the infinite-order wave function must sum to

one configuration in the CASSCF. Conventionally, the triplet
calculation would be done fovl = 1 with both singly occupied
orbitals havingx spin, but CASSCF would give the same energy
for eitherM = 1 orM = 0. A UHF calculation, on the other
hand, might treat th&1 = 1 case reasonably but might give a
result resembling...aabgfor M = O (with orbitals like those
giving B = 0). This would be neither singlet nor triplet and
would havel®close to 1. If the triplet is the ground state,
this is the expected UHF result. Alternatively, when the singlet
is the ground state anél is not too smallM = 0 UHF might
give a result resembling..a20(with orbitals like those giving
C=0).

Now consider a simple model for the UMP correction to the
UHF wave function. To be specific, consider a two-electron,
two-orbital model withM = 0. Then we will have an occupied
o orbital ¢; and virtual orbital¢,. We will also have an
occupiedp orbital ; and virtual orbitaly,. The UMP1 wave
function associated with the UMP2 energy is just

W= 100, 17,500~ (KIA€) |0, 750 ®)

whereK is the integrallgi71||¢2120and Ae is the excitation
energy. The sign ol\e is definitely positive.

W= |¢10, 7,80+ |dy0, B0+ (¢s)|pya, 7,80~
(c/9)lp0, 7, BO(T)

if the perturbation series converges. The correction to the UHF
wave function in this case is independendAe. In any case,
the average vaIuAe d®, correct to first order, for the UMP1
wave function iSC¥(0= (1 — 2K/A¢). Because the integrals
occurring inT, are generally larger than thoseTig it is difficult

to predict the sign oK when bothc ands are non-zero. For
stretched H, for examplec is quite small, buK is positive at
every internuclear distance.

If the perturbation series converges at all, it should converge
to the ground state of the molecule. Thus, for triplet ground
states, the UMP series beginning frdvin= 0 UHF should lead
to the triplet state and should give the same energy abithe
1 series. Both, of course, should be the same as the full
configuration interaction (Cl) ground state energy with the same
basis set. As we will see below, the energy through fourth order
shows no sign of approaching this limit.

lllustrative Calculations
Two simple model molecules, Glnd Q, have been chosen

Let us examine this corrected wave function to see whether g jjjystrate the UMP convergence fit = 0 states. For both

the correction has made it more lilg&= 0 or more likeS= 1.
In this simple model, thg orbitals can be expressed as a unitary
transform of theo. orbitals:

71 = Cpy + S,
1, = —Sp; + Cp, 4)

with ¢ + & = 1. Inserting this into the expression fo¥0
gives

W= c|y,H sjy,U
[0 |10, 480 (K/IA€)|p,0, 0]
[Y,= ¢, @80~ (K/A€)|pyf, pp0l] (5)

The |y,0term is purely singlet. Thap,[0term is not pure spin
unless K/Ae) is +1, in which case it is a singlet, oK(Ae) is
—1, in which case it is a triplet. In any case, the signkof

molecules, the triplet state is the true ground state. Hence, for
both molecules, the RHF and spin-restricted density functional
theory (RDFT) calculation for the singlet is unstable and a lower
energyM = 0 UHF (or UDFT) solution can be found. All
calculations reported here were performed with the 6-31G* basis
set. The calculation onQwvas done at the experimental bond
lengtheA? of 1.207 A. The bond lengths have been separately
optimized for each computational method for the curves of
energy versus bond angle for @HIn addition to CASSCF
calculations with HONDGO? restricted and unrestricted self
consistent field (SCF), MP414 MP5!5, and DFT calculations
were done with GAUSSIAN 948 For the CH molecule, the
“singly occupied” orbitals in thé/ = 1 triplet calculation were

of different symmetry (gand b in Cy,). Two differentM =

0 UHF solutions were found. In one of these solutions, sym-
metry orbitals were used so that tiM = 0 state was a
symmetry-constrained mixture consisting primarily'Bf and

3B;. This solution was unstable to symmetry breaking for,CH

In the other calculation, the sum and difference of thesmd
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0.00 —ps MP2 MP3 MP4 MP5 Figure 2. Behavior of restricted and unrestricted energies compared
Perturbation Order with CASSCF(2,2) for CH as a function of bond angle.
Figure 1. Convergence of the calculated energy difference from the
334~ state for Q as a function of perturbation order. result with this modest basis set is in only fair agreement with

by orbitals were used in the initial guess. For Chhis gave a  the experimental value dfe, 0.036 hartrees:

lower energy UHF solution with broken Symmetry_ This The Ch molecule presents similar difficulties. In faCt, the
solution was primarily a mixture dfA; and3Bj. Interestingly, linear molecule has the same states gswith the same
not all symmetry was lost and the Spin_up and spin_down difficulties. As the molecule is bent, the degeneracy ofsthe
densities were mirror images of each other when reflected in Orbital is removed and the state splits intdA, and'B;. Figure
the molecular plane. Consequently, the spin density in the 2 shows the results from the two-electron, two-orbital CASSCF

molecular plane was zero. calculation compared with RHF and UHF methods. It is well-
The G molecule is a special case that illustrates the problem known that CASSCF produces a reasonable singfetlet gap

with diradicals. The ground state, calculated usihg sym- and reasonable bond angles for this molecule. The RHF method

metry adapted orbitals, ¥y, 7)) 3=, The first singlet state  for the singlet leads to much too high a singl&iplet gap.

is A4, which may be computed &6, 7g) OF (Tgd — 7g?) The UHF results are less well-known. For the triplet, UHF gives

using CASSCF. Using UHF, the first of these forms with a lower batrrier to linearity than ROHF (identical to CASSCF).
= 0 should be viewed as a poor approximation to the trip|et Because the triplet is the grOUnd State,M\F 0 ROHF results
state. A RHF calculation using the first term in the second form for *B1 and*A; are unstable. As mentioned above, itis possible
would give a poor approximation fa\y. If the calculation is ~ to obtain both symmetry-constrained and symmetry-uncon-
done withoutDz, symmetry, then the second form may be strainedM = 0 UHF solutions. These are not very good
rewritten exactly using “broken symmetry” orbitatg. = g approximations to any state of Gldnd their existence is not

+ 71gy as(7g+, Tgu-). A M = 0 UHF calculation starting from  usually recognized.

this way of writing the second form leads to the same energy  Figure 3 shows the UMP4 and projected PMP4 results. The
as the first form, but with broken symmetry orbitals. Figure 1 M = 1 UMP4 curve has a minimum at 132The PMP4 result
shows the result of MP calculations of various order beginning for the triplet is very similar to UMP4, although the difference
from these SCF solutions. The series based on the RHF solutioris indicative of lack of convergence. Traditionalf#°the UMP
seems to quickly approach an energy relative to the triplet energyresults forM = 1 have been compared with the restricted MP4
in the range 0.05600.055 hartrees in spite of the enormous error result forM = 0. TheM = 0 UMP4 result is remarkably similar

in the initial wave function. Even though the UMP series for to the UHF result over the whole range of bond angles, and it
M = 0 should converge to the same result as the ond/fer clearly shows no tendency to converge to eitherSke0 or S

1, this tendency is not apparent in Figure 1, and the series= 1 energy. By default, the GAUSSIAN program assumes that
probably does not converge at all. Thus, in spite of the fact the UMP series foM = 0 is approximating th&= 0 state, so
that this UMP series appears to approach a constant energythe S= 1 component is annihilated. In spite of the fact that
difference from boti¥=,~ and the RMP approximation fa\, theM = 0 UMP4 energy should be regarded as an approxima-
it is not a valid approximation to any state of.OAnnihilation tion to the triplet state, spin annihilation 8f= 1 appears to be

of theS= 1 component gives a projected MP (PMP&nergy very effective since the PMP4 energy is very similar to the
of 0.035 hartrees that is in fair agreement with our best estimate, CASSCF energy. Projection also had a large effect on the
0.0405 hartrees, of the full-ClAy — 325~ energy difference  position of the minima in thé1 = 0 curves. ThéA; and!B;

for this basis set. Thus, neither the RMP4 or UMP4 result is minima were shifted from 150 102 and from 135 to 140,
close to the correct energy. The PMP4 result is surprisingly respectively. Below about 95wvhere!A; is the lowest state,
good since the corrections to the UHF wave functions are trying projecting out the higher enerdy= 1 contamination lowers

to make it more likeS= 1, but the projection has annihilated the energy, but above this angle, projection increases the energy.
theS= 1 components to obtain &= 0” energy. The full-ClI For reference, the experimental bond angles aré 1@6°B;,
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Figure 3. Fourth-order Mgller-Plesset energies as a function of bond
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Figure 4. The average value of?Sor CH; as a function of angle.
Solid lines are for UHF and dashed lines are for the UMP1 wave
function. Dotted lines are expectation values treating the K&tmam
UB3LYP determinant as though it were a wave function.

140 for 1B,, and 102 for 1A;. The energy gapB; — 3B; is
32.5 kcal/mol andA; — 3B1 is 9.0 kcgl/mof%oy21
Figure 4 shows the average valueSffor the UHF and the
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Figure 5. Density functional calculation of the energies of C& a
function of bond angle.

Recently, calculations using unrestricted density functional
theory with the three-parameter Becke exchange and the Lee
Yang—Parr correlation functionals (B3LYP) favi = 1 and
restricted B3LYP forM = 0 have been advocat®das an
accurate and inexpensive method for obtaining the singlet
triplet energy gap in substituted methylene molecules. Figure
5 shows the result of this approach for £Hilong with the
result obtained when the spin-instability of thle= O calculation
is considered. Mixing of restricted and unrestricted results to
obtain the singlettriplet gap clearly gives a very reasonable
result even though the barrier to linearity of th&; curve is
much too high. Properly considering the spin and symmetry
instabilities gives a much worse energy. AlthougAIcom-
puted with the Kohr-Sham determinant is not a true measure
of the implicit [$0of the DFT method, the value shown in
Figure 4 indicates a significant problem with the spin density.
Further, sinceS = 1 is the ground state, the desired value of
[F0is 2 and not 0, independent of angle, for angles greater
than 105. Similarly, if the exchangecorrelation functionals
were perfect, the energy fal = 0 andM = 1 would be
identical for triplet ground states.

Conclusion

Selective use of unrestricted methods k= O states of
diradicals is often advocated in reactions involving bond
breaking, whether at a transition state or during fragmentation
into radical pairs. To be consistent, unrestricted methods should
then be used whenever they give a lower energy than spin-
restricted methods. Here, we show by example that this blanket
use of unrestricted methods will lead to poor results. In

UMP1 wave functions. As expected, the perturbation correction particular, in regions of the potential energy surface having a
increases®for most bond angles. Even though the triplet triplet ground state, restrictéd = 0 RHF calculation are always
remains the ground state over most of this range of angle, theunstable, but unrestrictedl = 0 calculations just produce a
value of [¥Ofor the 1A; + 3B; UHF calculation decreases poor approximation to the triplet energy.

smoothly as the energy difference betwebh; and 3B; The original UHF papePsnvisioned a more fully unrestricted
decreases. Also, below the crossing of these two energies, theapproach where each orbital could have mixednd 3 spin
UMP1 wave function has a smaller value fd®Othan does character like that which occurs in FoeBirac calculations.
UHF. Even where the singlet is the ground state, the calculation For the case of a triplet ground state, tle= 0 constrained
gives a lower energy for UHF than for the closed-shell RHF UHF solutions are unstable to the mixingofandg character
energy of the'A; state. into the same orbitals. If this mixing is allowed, then the UHF
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calculation will converge to tht1 = 1 solution ifM = 1 is (7 Bord;:n, W. T, Davidszn, IIE Fi%ccci Chem. Restg% Zﬁ, 67.I
=1i 8) Davidson, E. R. IrDiradicals; Borden, W. T., Ed.; John Wile
stable, or to an even lower ener_g;Mf _ 1 is unstable. HEnce, and(S)ons: New York, 1982: pp 730, Yy
much of the logical an_d numerlcal dllfflcu.lty with tﬂd =0 . (9) Davidson, E. RChem. Phys. Lettin press.
UHF or UDFT calculation discussed in this paper is due to its  (10) Davidson, E. Rint. J. Quant. Chemin press.
partially constrained nature. (11) Huber, K. P.; Herzberg, GMolecular Spectra and Molecular
A fully unconstrained calculation would give a unique Structure IV. Constants of Diatomic Moleculégan Nostrand Reinhold:

optimum Slater determinant of undefindd which could Ne(vzz\;ogﬁplu%zgm. Marquez, A.: Davidson, E. RIONDO 95.3 from

approximate only the ground state. For the situation discussedcHEM-Station;IBM Corp.: Neighborhood Road, Kingston, NY 12401,
in the introduction, this would generally ha&~ M ~ n/2. 1995.
Hence, it would approximate the maximal spin state and might ~ (13) Krishnan, R.; Pople, J. Ant. J. Quant. Chem197§ 14, 91.

be able to vary smoothly with changes in molecular geometry 425&) Krishnan, R.; Frisch, M. J.; Pople, J. & Chem. Phys198Q 72,

that lead to additional pairing or unpairing of electrons. (15) Raghavachari, K.; Pople, J. A.; Replogle, E. S.; Head-Gordon, M.
J. Phys. Chem199Q 94, 5579.
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